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Abstract—Algebraic codes remain an important type of error-
correction codes for some data communication and storage
systems in which soft information is limited and decoding
efficiency is critical. In particular, algebraic-geometric (AG) codes
have the potential to replace the widely used Reed-Solomon
(RS) codes, due to their greater codeword length and hence
error-correction capability. However, their more sophisticated
structure leads to complicated decoding computation, which
hinders their applications. This paper proposes the progressive
algebraic soft decoding (PASD) for one of the most celebrated
AG codes - Hermitian codes. The decoding is formulated into
finding a desired Grobner basis that contains the minimum
interpolation polynomial. Consequently, size of the interpolation
submodule basis can be enlarged progressively, adapting the
decoding computation to reliability of the received information.
To further reduce complexity, the re-encoding transform (ReT) is
introduced to facilitate the decoding. By exploiting the linear code
property, ReT results in a common factor in the submodule basis
polynomials, which can be extracted to simplify the basis reduc-
tion. Our analysis shows that the proposed PASD can reduce the
average decoding complexity over its non-progressive prototype,
i.e., the algebraic soft decoding (ASD). The complexity reduction
effect of ReT is also analyzed. Finally, our simulation results
show the progressive decoding preserves the error-correction
performance of the ASD.

Index Terms—Algebraic-geometric codes, algebraic soft de-
coding, Hermitian codes, progressive interpolation, re-encoding
transform

I. INTRODUCTION

LGEBRAIC codes remain important in data communica-

tion and storage systems where soft information is either
unavailable, severely limited, or coarsely quantized. E.g., in
magnetic recording channels with hard-decision outputs or in
some low-resolution receivers, modern codes that rely on prob-
abilistic decoding can hardly demonstrate their error-correction
capability. Alternatively, algebraic properties, in particular
length n and minimum Hamming distance d of a code, are
critical for ensuring decoding performance. Hence, algebraic
decoding and their soft-decision variants that only exploit
soft information in defining the algebraic decoding compu-
tation remain important to be developed. Algebraic geometric
(AG) codes form a broad class of algebraic codes [1]. This
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family encompasses several well-known subclasses, including
Reed-Solomon (RS) codes, elliptic codes, and Hermitian
codes. RS codes can be viewed as the special AG codes that
are constructed based on a straight line. However, length of
an RS code cannot exceed size of the underlying finite field,
limiting their error-correction capability. In contrast, more
general AG codes can achieve a greater codeword lengths and
consequently offer stronger error-correction capabilities. AG
codes also provide a viable route toward constructing binary
codes with favorable distance properties [2, 3].

Similar to RS codes, AG codes can be decoded using the
syndrome-based decoding algorithms, where error-correction
is realized by determining the error locations and magnitudes,
respectively. The celebrated Berlekamp-Massey (BM) algo-
rithm [4] and the Sakata algorithm [5] are the well known
syndrome-based decoding algorithms for RS and Hermitian
codes, respectively. They exhibit a complexity of O(n?) and
O(n7/ 3) ! respectively. However, they cannot correct errors
beyond half of the code’s minimum Hamming distance 2 je.,
Ldz;lj . By formulating the decoding as a curve-fitting problem
[6], the Guruswami-Sudan (GS) algorithm can correct errors
beyond this limit. The GS decoding consists of interpolation
and root-finding, where the former dominates the decoding
complexity. One approach to implement the interpolation is
through Koétter’s interpolation [7] which constructs the in-
terpolation polynomial in an iterative manner. Alternatively,
the basis reduction (BR) approach can be employed. It views
the decoding as computing a desired Grobner basis that
contains the interpolation polynomial. The Grobner basis can
be obtained by reducing an interpolation module basis. The
BR interpolation-based GS decoding of RS codes was first
proposed in [8]. It was later extended to decode the more
general AG codes, such as Hermitian codes [9] and elliptic
codes [10, 11]. A fast realization for the decoding of Hermitian
codes was proposed in [12], yielding a complexity that is sub-
quadratic in n. The computation method is further generalized
and improved for general AG codes [13, 14]. Although GS
decoding has a better error-correction capability, its interpola-
tion remains computationally expensive. It also dominates the
overall GS decoding complexity. Transforming the received
word into one with more zero symbols can simplify the
interpolation, which is also called re-encoding transform (ReT)
technique. It was first introduced for decoding RS codes [15],

'In this paper, the decoding complexity is defined as the number of finite
field multiplications in decoding a codeword. In the “big-O” notations, the
logarithmic factors are dropped.

2For AG codes, it is often called the designed distance which lower bounds
the minimum Hamming distance.
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and recently generalized to decode general AG codes [16]. It
helps reduce the interpolation complexity from O(I*n(n — k))
to O(I*(n — k)?), where k and I are dimension of the code
and the designed maximum decoding output list size (OLS),
respectively.

Error-correction capability of GS decoding can be improved
by utilizing soft information. By formulating test-vectors and
exploiting their similarity, the low-complexity Chase (LCC)
decoding was applied to decode RS codes [17] and ellip-
tic codes [18, 19], respectively. For Hermitian codes, LCC
decoding was first introduced in [20] and later improved
using the ReT-facilitated BR interpolation and the fast root-
finding in [21]. The algebraic soft decoding (ASD) is an-
other soft-decision GS decoding approach. By transforming
soft information into interpolation multiplicity, it achieves a
more flexible and proper interpolation multiplicity assignment,
enhancing the decoding performance. It was first proposed
for RS codes in [22]. Later, the ASD of Hermitian codes
using Kotter’s interpolation and the BR interpolation were
proposed in [23] and [24], respectively. To the other type
of AG codes, the BR interpolation-based ASD of elliptic
codes was proposed in [25]. Although ASD yields substantial
decoding performance improvements, its decoding complexity
still remains high. The ReT can be introduced to reduce the
ASD complexity. It was adopted to facilitate the ASD of
elliptic codes [25], and recently applied by the authors for the
ASD of Hermitian codes [26]. The progressive ASD (PASD)
was introduced from another perspective, aiming to adapt the
decoding computation to the reliability of received information
[27, 28]. This is realized by progressively enlarging the OLS
I until the intended message (or codeword) is decoded. In
the paradigm of BR interpolation, it can be realized through
progressively enlarging size of the interpolation submodule
basis [29]. However, despite seemingly feasible, PASD has not
been studied for decoding AG codes. Designing this more flex-
ible decoding for general AG codes requires a more complex
process. Note that earlier research of [29] showed progressive
BR interpolation advances from its Kotter counterpart [28], as
it does not need to memorize the intermediate decoding opera-
tion outcomes, and also being less computationally expensive.
Major contributions of this paper are summarized as follows:

1) The PASD for Hermitian codes is proposed. The decod-
ing process starts from an initial interpolation submodule
basis. It can be progressively enlarged until the intended
message (or codeword) is decoded or the maximum
decoding iterations is reached, adapting the decoding
computation to quality of the received information.

2) The ReT is introduced to facilitate PASD. By extracting
the common factor that ReT introduces in the submodule
basis polynomials, the progressive interpolation is fur-
ther simplified, yielding additional complexity reduction.

3) A comprehensive complexity analysis for the proposed
PASD is presented, both theoretically and numerically.
It shows that the proposed PASD effectively adapts the
decoding complexity to reliability of the received infor-
mation. Furthermore, the complexity reduction achieved
by the ReT is also verified. The error-correction perfor-

mance of the PASD is provided, demonstrating that the
PASD preserves the error-correction performance of its
non-progressive prototype.

Note that a preliminary version of the PASD for Hermitian
codes was introduced in our earlier conference paper [30].
Due to space constraints, that work omitted many algorithmic
details and experimental results, and the integration of the
ReT with PASD was not presented. This paper substantially
extends [30] by providing the complete algorithmic derivation,
comprehensive complexity analysis, and full simulation re-
sults, as well as the ReT-facilitated PASD that achieves further
complexity reduction.

II. BACKGROUND KNOWLEDGE

This section presents background knowledge of the pro-
posed work, including the encoding of Hermitian codes, the
GS decoding and the ASD.

A. Hermitian Codes

Let F; = {00,01,...,0;51} denote the finite field of size
g. In this paper, g is a square as required by the definition of
Hermitian codes. Let IF;[X, Y] denote the bivariate polynomial
ring defined over [F;. An affine Hermitian curve defined over
IF, is given by [31]

Hy =YY +Y — X¥H, (1)

where w = /g and the curve has a genus ¢ = w(w —1)/
2. There are w® affine points P, = (xj,y;) that satisfy
Hw(xj, yj) = 0, and a point at infinity P. Note that the
w? affine points can be grouped into w? classes with distinct
x-coordinates. They form the set of IFg-rational points at Hy,.
Let card(-) denote the cardinality of a set. Let P = {P; =
(xj,yj) : Hw(xj,y;) = 0} denote the set of affine points, and
card(P) = w®. The coordinate ring of Hy, is

R=Fg[X, Y]/ <Y’+Y—-X"T>, 2)

Let x and y denote the residue classes of X and Y,
respectively. The pole basis L comprises a set of bivariate
monomials ¢,(x,y) = x"*y%, where iy, iy € N. For a
nonzero polynomial S € R, its order at a rational point P
is denoted as vp(S). Let vp_(¢; ') denote the pole order at
P and vp (7 1) = vp ((x*yv) 1) = w iy + (w+1) - iy,
where 0 < iy < w and i, > 0. Monomials of the pole
basis exhibit an increasing pole order as L, = {gbg
vp, (¢a1) < vp,, <‘P;4}1)} For each P;, there also exists a zero
basis comprising polynomials with an increasing zero order (or
multiplicity) at the point. The zero basis polynomials are [32]

Ppo(xy) = (x =) [y — ) — 2 (x = x))", )

where (A, ) € N and v = A + (w + 1)s. For any non-
negative integer a, we use the notation [4] to denote the set
{0,1,...,a—1}.

Definition I (Encoding of Hermitian Codes): For an (n,k)
Hermitian code of length n and dimension k, given a message
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f = (fofi fie) € F,

polynomial is

f(x,y) = fopo+ fig1 + -+ frm1dr—1 € L(4Px), (4)

where fo, f1,..., fx—1 are the message symbols, y =k + g —
1 and L£(yPe) is the Riemann-Roch space defined by y and
Pw. Codeword ¢ € IFg is generated by

its corresponding message

c¢=(co,C1,---,Cn1)
= (f(Po), f(P1), -, f(Pu-1)),
where {Py, Py, ...

[n].
For an (1, k) Hermitian code, Riemann-Roch theorem [33]
provides the relationship between y and vp_ (¢, ') as

v (P t)) < . (6)

Example 1: Consider the Hermitian curve Hy = Y2 4+ Y —
X3 defined over Fy = {0,1,a,42}, where & is the primitive
element of this field. There are eight affine points on Hj:
Py = (0,0), Py = (0,1), P, = (1,a), P3 = (1,4?), P, =
(w,a), Ps = (x,a?), Py = (a?, &), P, = (a2,a?%). Let y = 5.
The Riemann-Roch space L£(5P) is spanned by the basis
{1,x,y,x%,xy}. Given the message vector f = («,1,0,42,1),
its corresponding message polynomial is

®)

,P,_1} C P. Note that index set of ¢ is

flx,y) = a + x + a®x% 4 xv.
The codeword ¢ is generated by

¢ = (co,€1,€2,€3,C4,C5,C6,C7)
= (f(Po), f(P1), f(P2), f(P3), f(Pa), f(P5), f(Ps), f(P7))

= (a, a0, a%,1,02, 1, a).

B. The GS Decoding

For GS decoding of an (7, k) Hermitian code, the following
definition is needed.

Definition II (Polynomial Ordering): Let R[z] denote the
polynomial ring defined over R. Monomials (puzb € R[z] are
ordered according to their (1, w;)-weighted degrees as

degl,wz¢ﬂzb = vp, (¢7 1) + wsb, (7)

where w, = vp, ((])k__ll) The (1,w;)-reverse lexicographic
(revlex) order can be established as follows. Given two
monomials ¢n,z" and Pa,z?2, ord(¢a,z") < ord(¢s,z"),
if degl,wz¢ﬂlz !

< degl,zuzfpﬂzzbz’ or degl,wZ(Pthl = dengZ([)uzth and
by < by. Given a polynomial Q(x,y,z)

= Yupen QuvPa(x,y)z", the (1,w;)-weighted degree of Q
is deg; ,, Q= max{degl,wz%zb :

Qw # 0} and its leading order is lod(Q) =
max{ord(¢,z") : Qup # 0}.

In decoding an (1, k) Hermitian code, polynomials are or-
ganized under the (1, w;)-revlex order. Given two polynomials
Q1 and Qp, we claim Q1 < Qy, if lod(Q1) < lod(Q>).

The interpolation constraint for a polynomial Q in R[z] is
explained as the follows. Let w = (wp, w1, ..., wy_1) € IF}

denote the received word. The set of n interpolation points is
defined as

P= {(P(),(UO), (Pllwl)/"'/(Pﬂ—l/wn—l)}‘ (8)

Gi\'/en an interpolation point (Pj,w]-), a polynomial Q can be
written as

Q= Y QU ppalz—w), ©)

«,BEN

where Qfé’wf) € F,. If Qfé'wj) =0forall a4+ < m, Q
has a zero of multiplicity at least m at the point.

Theorem 1 [9]: Given a polynomial § in the form of
(4) and polynomial Q which has a zero of multiplicity at
least m over the n interpolation points, if m(n — card({j :
f(P;) # wj, forall j € [n]}) > deg; ,, Q. Q(x,y,f) =0, or
equivalently (z —f)|Q.

When decoding Hermitian codes, the intended interpolation
polynomial Q which satisfies the interpolation constraints and
being the minimum under the (1,wz)-revlex order needs to
be determined. The z-roots of Q are the estimated message
polynomials.

C. The ASD and Its BR Interpolation

This subsection introduces the ASD and its BR interpola-
tion. Unlike GS decoding that assigns the same multiplicity to
n points, ASD defines interpolation points and their respective
multiplicities based on their received soft information. We
begin with the reliability transform.

1) Reliability Transform: Assume that a codeword c is trans-
mitted and ¥ = (g, 71,...,7,_1) is the channel output. The re-
liability matrix IT € R7*" with entries 71;; = Pr(r; | ¢; = o)
can be obtained. Parametrized by [, IT will be transformed
into a multiplicity matrix M of the same size, where its
entries m;; € Zar is the multiplicity for the interpolation
points (Pj, 0;) [22, 23]. Let ij denote the row index such that
i, = wj, where w;j is the hard-decision symbol for the j-th
position. Codeword score of M is defined as

n—1
sm(c) =Y, mij. (10
=0

2) Interpolation and Root-Finding: Let mult(pjlm)(Q) de-

note the multiplicity of polynomial Q at point (P;, ;). Given
M, an interpolation ideal Zp; can be defined as

Im = {Q € Rlz] : mult(p ) (Q) = mjj,

11)
foral0<i<g—land0<j<n-—1}. (

Let R[z]; = {Q € R[z] : deg,Q < I} denote a free
module over IF; of rank / 4 1. The interpolation module Zyy ;
is defined as 3

IM,I :IMOR[Z]I. (12)

3The interpolation module Iy, is a submodule of the free module
R|z];. In the sequel, the term submodule (of this interpolation module)
refers specifically to those submodules of Zy ; that correspond to different
intermediate multiplicity matrices M(*).
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With M, interpolation constructs the minimum polynomial Q
in Zyg ; with respect to the (1, w;)-revlex order. The following
theorem reveals the sufficient condition of a successful ASD.
Theorem 2 (Sufficient Condition of a Successful ASD Event)
[23, 24]:  Given a polynomial f in the form of (4) and the
interpolation polynomial Q € Zy j, if sm(c) > deg; . Q,
Q(x,y,f) =0, or equivalently (z — f)|Q. ,
Polynomial Q can be determined by BR interpolation. It
first derives a series of intermediate multiplicity matrices from
M. Let 17 = max;{ Z?;Ol m;; }. These intermediate multiplicity
where u = 0,1,...,7. The first
matrix is set as M(O) = M. Let i](u) = argmaxi{ml(].u)}.

Matrices M(l) (2()) ..,(1\)/[('7) are( ()ietermined sequentially,

matrices are denoted as M(”),

with their entries m;; ij M mj; updated by
(u) _ oo o(u) ()
m(.”ﬂ) _ "y 1, ifi= i and my; 1%
Y () ey o) () _
i, 1f17éz]. or m; =0

The following definition is further needed for constructing the
module basis of Zy; ;.

Definition III (Maximum Semi-Grid): Given an index set
J C [n],let A(J) ={xj:j € T} Foroc € A(J),
let B;(J) = {y; : (0,y;) € P, j € J}. The affine points
defined by J form a maximum semi-grid if card(By, (7)) =
w, for all x; € A(J).

Given an affine point index set J C [n], the Lagrange
interpolation polynomial defined by 7 is written as

Lyj(xy) = =T e
weA(T)\{x} BeB. (7)\y;} ¥

Note that L7 ;(P;)) = 1 and Ly (Py) = O, if j #

j', where j,j’ € J. Let w}w = o4 and W™ =

1.

(W) (u) () '
(

wy ,wy ..., w, 7). The following polynomial can be

defined ”
=Y w].” L, i(%,y)-
j€ln]

K, (xy)

(15)

Note that K ) (P;) = w](u). Let m](.u) = maxl{m] 1,
and &£y be an ideal in R, ie. Eyuw = {S €

1/p],(5) > m](-u>, for all j}. The interpolation module IM,I can
be computed using £y and polynomial K ) as detailed
in Theorem 3 below. To compute &), Pj is rearranged to
P, with a = |j/w| and b = j mod w. Subsequently, let

vaub) = m](u). For each g, index b is arranged such that vgub)
are assigned in decreasing order as
ol >0l > >0l (16)

Given B( “) ¢ IFg[x] satisfying vp,, (y — Bl(y C)) > v(u) U,(l u,
we further define the following polynom1al as the generator
polynomial of &y,

g1 (w) y
Toc(ty) =[Tx—e)® ] w-B), a7
a=0 0<b<c—1

where 0 < u <7 and 0 < ¢ < w — 1. The basis ofIM,l can
be computed based on the following theorem.

Theorem 3 [24]: Lyy | can be generated by

u—1

M= {Mu,c : Mu,c = Tu,c H(Z - Kw(r))}‘
r=0 o

(18)

Note that the interpolation constraints with respect to M(*)
and M\M®) are satisfied by T,. and [T (z — K )
respectively.

We further introduce some properties of multiplicity that
are the algebraic foundation for the progressive construction
of interpolation submodule. Let A‘qu denote the a-dimensional

affine space over IFq. Given a smooth surface V = Hy, X A]lp
and a nonzero polynomial S € R, the following properties
hold for multiplicity on V [24]:

(1) For an interpolation point (P, 0;),
mult(p],,ai) (S),

2) mult(p],,ai) (z—S) =1if S(P;,) = 0;, and 0 otherwise;

(3) For Sa, Sb S R[Z], mLIlt(p],,O.i) (SaSb) =
mult(p U)(S ) +mult(p g)(Sb)

These properties, which delineate how multiplicity behaves
under linear and multiplicative operations, are the foundation
for progressively constructing the interpolation submodule.
The following lemma exploits them to establish how the
interpolation submodule of M®=1) can be constructed pro-
gressively from that of M(®).

vp(S) =

Lemma 4 [24]: Given two intermediate multiplicity ma-
trices M~ and M®), their corresponding interpolation
submodule IM<“*1) ; and IM(”> ! satisfy

I, = Tygy (2 = K1) + Epgeu-y- - (19)

It formulates the key principle of the proposed PASD. It
shows that the submodule basis for a more constrained interpo-
lation problem can be derived incrementally from the solution
of a less constrained one. Explicit progressive construction of
the submodule basis will be presented in Section III.

After the basis construction, the Mulders-Storjohann (MS)
algorithm [34] can be applied to reduce M into a Grébner
basis, from which the minimum polynomial is chosen as the
interpolation polynomial 4. Afterwards, the estimated message
polynomial fest will be decoded by finding z-roots of Q.
This can be realized by the recursive coefficient search (RCS)
algorithm [35-37]. If multiple z-roots are found, the one
whose corresponding codeword yields the minimum Hamming
distance to w will be chosen as the decoding output.

Example 2 (Continued from Example 1): Supposed that
the codeword in the Example I in transmitted over a noisy
channel. Given | = 4 and the multiplicity matrix

4 000 0O0O0O0
M:

o OO
— O N
S WO
=~ O O
S O
W o o
O O W
O = O

4 Although there are other algorithms that have better asymptotic complex-
ity, the MS algorithm is more efficient for handling codes of practical length.
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The intermediate multiplicity matrices can be generated. Let
MO = M and M® = 0 (zero matrix). Based on (13),
matrices M) to M(®) can be generated as

0 0 0

o
o

MO —

[ R

o oPN SO O W

M® —

-0 OO
N O OO W o o
N O OO W o o

(== e Re] SO = O SO N O

M® =

O = OO SN OO o W oo

o O oo [l e Ne SN O
[N e SO N O o O W

SO O
o O OO
_ o O O
—_ o OO
o

3)

respectively, vectors w® to w® can also be constituted by

w® =(0,1,a,4%1,42,1,a),
M = (0,1,a,42,1,4%,1,a),
(O,oc,oc,a,l,oc,l,oc),
w® = (0, %, x,a%,1,a%, x,a?).

The module basis M is constructed. Its full expression is
provided in Appendix. The subsequent basis reduction and
root-finding are performed. This decoding procedure requires
6085 finite field additions and 3803 multiplications.

III. PROGRESSIVE BR INTERPOLATION

This section presents the progressive BR interpolation,
which enables ASD to find the interpolation polynomial Q
by progressively constructing the interpolation submodule.

A. Progressive Submodule Basis Construction

To realize the progressive submodule basis construction, the
following definition is needed.

Definition 1V (Delta Function): For integers a and b, the
function J, }, is defined as:

1, ifa=Db,
O = { . (20)

0, otherwise.

Let M and M’ denote two multiplicity matrices where their
entries m;; and mgj satisfy

mij —
Mij,

where i; = arg max;{m;;}. Recall that £ is an ideal in R
and &y = {S € R : vp(S) = m;}. Let Ty denote the
interpolation module with respect to M’. Note that Zyy ; is
a submodule of Zy;;. The following lemma shows how to
construct the basis of Zyy; using the module basis of Zyy ;
and &y

1, ifiZi]' and ml’]’ 750,

21
ifi;él']' or ml-j:O, @D

Lemma 5: The interpolation module Zyy; can be generated
by

M= {Mu,c - 5u,0Tu,c + (1 - 5u,O)M1/471,c . (Z - KW(O))}/
(2
where M), . is the module basis polynomial of Zyy ;.
Proof: Since My = Tyc[1'2(z — K ), if u = 0,
MO,C = TO,c-
If u # 0, based on (13), the intermediate multiplicity

matrices of M’ and M satisfy
1(u—1)

M =M. (23)
Let i'") = arg max; {m/(u)} and m'") = maxl{m’(u)}.
Further let &y denote an 1dea1 in R and & ) = {S €

R : Up].( ) > m’]( )} Based on (23), &,;,-1) = &y and
their generators satisfy

Tb/t—l,c = Tuc. (24)
Let w’](.”) =0, and @' ) = (w (()”) w’gu),...,w’yi)l).
We define the followmg polynomial
Ky (oy) = ¥ o Lpxy). @9
j€ln]
Since @'V = @w®)
Kf w-1) = Ky (26)
Therefore,
, , u—2
u—1l,c — =T, -1, H(Z - Kw/(r)>
r=0 -
u-1 27)
= Tu,c H(Z - Kg(r))-
r=1
Based on (27), if u # 0,
u—1
M,.=T z—K
u,c u,c g)( Q( )) (28)
=M, 1. (z—K,0)
O

Lemma 5 can also be generalized for constructing the
submodule basis of M1 ag presented in the following
corollary.

Corollary 6: For 1 <u <n—-1,0<u'<y—u+1and
0 < ¢ < w — 1, the submodule basis M #~1) with respect to
the intermediate multiplicity matrix M#=1) can be generated
by

1
1) = {Ml(,l/l ) = - u/OTufl,c
+ (1 - 511’,0)M(u)

u'—1,c

(29)
(2= K1)}

Lemma 5 and Corollary 6 imply that the submodule bases
can be constructed progressively, leading to the proposed
progressive interpolation. As described in Section II, in the
ASD, M is first formulated using the designed maximum OLS
1. This matrix is then used to generate a series of intermediate
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multiplicity matrices M(”), where u = 0,1,...,%. Since
M) is an all-zero matrix, the submodule basis with respect
to M(7=1), denoted by MO=1) s first computed 3. The
MS algorithm is applied to reduce it into a Grobner basis,
from which the interpolation polynomial can be obtained.
The estimated message polynomial is computed by the root-
finding procedure. If it is decoded, the decoding terminates and
outputs the result © If the decoding fails, M 7~1) is applied to
construct M (1=2)_ The subsequent basis reduction and root-
finding will be performed. This progressive iteration continues
until the decoding with respect to M(®) succeeds, or the
decoding with respect to MO fails, i.e. the maximum number
of progressive iterations is reached. As described above, the
interpolation constraints with respect to the multiplicity matrix
increase progressively. With reliable received information, the
decoding can often terminate earlier, i.e. decoding succeeds
with satisfying fewer interpolation constraints, thereby adapt-
ing the decoding complexity to the channel conditions. Similar
to Theorem 2, a sufficient condition for successful PASD is
given in the following corollary.

Corollary 7: Given a polynomial § in the form of (4)
and the interpolation polynomial Q € IM<”),I’ if syg() (c) >
degllwz Q, 9Q(x,y,f) =0, or equivalently (z — f)|Q.

Example 3: Given | = 4, and the same multiplicity matrix
in Example 2, the progressive decoding can start with MO,
The submodule basis with respect to M) is first constructed.

M(()gg =X + x4r
(()31) =ay + ax + xy + X3,
Mf)o) =z +x +xy + X%y + a®x’y,
Mf’l) =yz + 2%y + a2y + 1t + 20 4 a?a®
After basis reduction and root-finding, the decoding fails to
find the intended message polynomial. Therefore, M@ will
be constructed based on M (3):

Mézo) = x2 418,
M) = axy + a2 + 22y + x* + axty + a2

+ x5y + x7,
M = My - (2= Ko),
MP) = MJ) (2K ),
M) = M) - (2 - Ky,
M) = MY - (2= Kyo)-

Note that the fully expanded forms of Mg(]) through M( )
are provided in Appendix. It terminates after the decodmg
with respect to MWD and successfully outputs the estimated

SThe PASD is presented as starting from MU=1) to maintain generality
across all multiplicity assignment methods. For some methods (e.g., Algorithm
A of [22]), decoding may not succeed immediately at this stage due to
weak constraints. Similarly, the maximum number of progressive iterations is
determined by the specific multiplicity assignment method and may exceed [.

%The estimated message polynomial will be encoded into the estimated
codeword. It can be assessed by the maximum likelihood (ML) criterion [38,
39] or the acceptance criterion [40].

message polynomial. In this example, the progressive decoding
does not need to proceed to the decoding with respect to M ),
It requires 2474 finite field additions and 1905 multiplications,
fewer than those required in Example 2.

B. Progressive Construction Using Reduced Submodule Basis

In the aforementioned progressive decoding, since Mu=1)
is generated from M () M) should be retained in memory,
resulting in supplementary storage requirements. Let oW =
{GL(;,’)C} denote the reduced Grobner basis derived from M (),
where 0 < u <57 —1,0<u <y—u+1land0<c <
w — 1. The following lemma reveals that M (~1) can also be
generated based on ©(*).

Lemma 8: The module basis M1 with respect to
M =1 can be generated by

M(u_l) = {Mfﬁ;l) = 5u’,OTu—1,c

4 (1= 8,0)01

u'—1,c

wherel§u§17—1,0§u’§17—u—|—1and0§c§
-1

Proof: Since all basis polynomials 6

mult(Pj/‘Tz‘)(GL(tL") 1, c) = ml(j )’

(30)
(2= Kyw-n)}

()

u'—1,c

in @) satisfy

mult(pjlgl_)(z - K w-1) 2 mgju_l) - ml(ju) 3D
and .
mult(Pj,Ui)(GL(tL’lzl,C(z — Kg(u,1))) > ml(;/,, ) 32)

Therefore, M (#~1) belongs to the module defined by M=),

We continue to prove that M#=1) g the submodule basis
with respect to M1 For any polynomial Q in the module
defined by M1,

n—u+1

Y Qg
s=0

5. There exist gff),ggs), e

(33)

where Q[S] € & léi,,s),l € Fylx],

such that .
Qy= Y (9T (34)
c=0
It enables
w—1
QU =Q- Y g ImM . L G
c=0
where deng(’F” < 7 —u. Again, there exist
g, 7= ) ] cuch that
Q(’?-u—l) Z C (n—u) 77’4 ulc’ (36)

where deg Q (p—u=1) <n- u — 1. This deduction continues,

leading to the existence of 50 (1 , . gw 1 € Fy[x] such
that

WZ:l €c1)M(u 1)

Q) = 37)
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Therefore polynomial QO can be written as Q© =

1 0 0 0
Yo 1§C u ), where gé ),d ),...,gﬁull € TFy[x]. Any
polynom1a1 Q in the module defined by M1 can be
expressed as an IF;[x]-linear combination of Ml(;f;l). O

For the MS basis reduction algorithm, its complexity is
determined by weighted degree of the maximum polynomial
in the module basis [12]. Since @*) is reduced from M ()  its
weighted degree is not greater than that of M) Therefore,
for the basis reduction of M=) performing it as in (30)
has lower complexity than performing it as in (29).

The proposed PASD of Hermitian codes is summarized in
Algorithm 1.

Algorithm 1 The PASD of Hermitian codes

Input: II;
Output: fest;
1: Transform II to M;
2: Generate M(O),M(l), . ..,M(’7) as in (13) and set xk = 1;
3: Construct the submodule basis with respect to M=) a5
in (18);
4: Perform the basis reduction using the basis reduction
algorithm, obtaining Q;
Perform the root-finding algorithm to compute fest;
While decoding fails or x < 7
Letk =x+1;
Construct the module basis with respect to M%) ag
in (30);

® W

9: Perform the basis reduction using the basis reduction
algorithm, obtaining Q;
10: Perform the root-finding algorithm to compute fest.

11: End While

Example 4: Given the same Hermitian code and the same
M as in Example 2, the module basis with respect to MB) s
constructed as illustrated by Example 3. The decoding fails
to find the estimated message polynomial. We continue to
construct M@ as in (30).

Mélzo) = x4+ a8,

Mé/zl) = axy + o?x* + 2%y + 2t + axty + a?x°
+ x5y + x7,

il = o)

M = 08 e K,

M5y = 01 - (2 = Ky

M = 0

where 9( ) denotes the reduced basis obtained from M ()
in Example 3. The fully expanded forms are provided in
Appendix. It can be seen that the weighted degrees of the
maximum basis polynomial in Examples 3 and 4 are 21 and
17, respectively. The decoding is terminated after performing
the BR interpolation with respect to ./\/l(l), which is the same
as in Example 3. The whole decoding procedure requires 2116
finite field additions and 1393 multiplications. Compared with
Example 3, decoding complexity is reduced.

IV. RET-BASED PROGRESSIVE BR INTERPOLATION

This section introduces the ReT-based progressive BR inter-
polation. It exploits the linear property of Hermitian codes to
transform a subset of interpolation points using a regenerated
codeword. This results in a common factor in the module
basis polynomials, which can be extracted for simplifying the
progressive BR interpolation. First, we revisit the ReT for
Hermitian codes.

A. Re-encoding Transform

For the ReT, a certain number of interpolation points will
be chosen to reconstruct a codeword. Let I denote the index
set of the re-encoding points, which can be further denoted by
Pr = {(P,w”)

further defined as

: j € T'}. The re-encoding polynomial is

Kr( Zw Lp](x y). (38)
jer
Let S(J) = {j : card(By,(J)) = w}. The following

lemma implies the sufficient condition for generating a valid
re-encoding codeword through evaluating K over the points
of P.

Lemma 9 [21]: If card(I') < w|(k—g)/w]| and S(I') =
I' Kr € ,C(‘Mpoo>

Based on (38), the re-encoding codeword is generated by

h = (Kr(Po),Kr(P1),...,Kr(Py-1))
= (ho,hn, ..., hy_1).

Note that h; = w}o), for all j € I'. Using F, the interpolation
points (P;,0;) are transformed as

(P, 07) =
Accordingly, the multiplicity matrix M can be transformed
into M, where its entries are denoted by n?,»j. This transfor-

mation maps each entry according to the rule induced by (40),
such that

(39)

(P]', UZA) : 0’? =0; — h] (40)

= mjj. (41)

Z]

Let M(") denote the intermediate multiplicity matrices with

respect to M. Their entries, denoted by 7715;4), can also be
generated through the process defined by (13).

In order to maximize the complexity reduction brought by

the ReT, the number of re-encoding points is set as

[Tl = L ).

Moreover, points in Pr should be associated with larger
multiplicities in the columns they belong to. By sorting

(42)

0 . . .
ZJSI 2]71 in a descending order, a refreshed index sequence of
ag—1 can be obtained. It indicates

x-coordinates ag,aq, ...,
(0) > U( ) 122 Ufzozl,w—l' The index set of Pr

agw 1 = Yaj,w— 4
should be defined by the first card(I") /w of the ordered x-
coordinates. Therefore,

81, 0<b<w-1}
(43)

F={j:j=a+b0<i< |
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Let us define

G = [T (x—an)se (44
oa€A(T)
and
Gr(x)= J[ (x—oa). (45)
0, €A(T)

Furthermore, let

Lo={j @y sy = Polisu)+0,d € T, for all b € [w]}.

(46)
Subsequently, let
Gr,)= [ (x—a) (47)
o €A(IL)
and
G, (x) = (x — 0q). (48)
o.eA(T\I})

Polynomial Gr can be factorized into Gr(x) = Gr,(x) -
Gr\r, (x). Note that

(49)

7
G=]]Gr.
u=0

The following lemma reveals that G is a common factor of
the basis polynomials of Iﬁ,l

Lemma 10[26]: 1f Q(x,y,z) € Iz . G|Q(x,y,zGr).

Let @ denote the isomorphic module with respect to IM,Z
The module isomorphism between Zg; M. and @ is

IK/I\,Z — O
~ ~ z ~ (50)
Q(x,y,z) = GQ(x,y,G—F) = Q(x,y,2).
Let 1?1](.”) = max; {n?fju)} and Eg) {§ €
l/p],(S) > ﬁj”>}. Let ?](.”) = argmaxi{ﬁa;@}, z](.”) =

(W) | !

and ;(”) = (z(()u),zgu),. --sZ,1). The isomorphic module ®
can be generated as an IF,[x]-module by

M= {Mye | My =Tue- [1Grr —Ki)}, 6D
r=0
where =R (x,9)
= Ty X,y
Tu,c XY)=——— (52)
S = ML, 6r. ()
and
2{" Xx—a
Ki(r) (x,]/) = Z ](x‘) Y
jem\n T a€A([n ]\I})\{x} (53)

y—B
peB. (l\m\ (¥ B

Note that with the ReT, the polynomials is organized under
the (1, w; — card(I"))-revlex order. As mentioned above, the
BR interpolation is performed on the isomorphic module.
Extracting the common factor G(x) of the basis polynomials
of 7=, leads to a simpler basis reduction in finding the

M,
1nterpolat10n polynomial Q.

B. ReT-Based Progressive Submodule Basis Construction

The following subsection shows how to construct the sub-
module basis progressively under the ReT paradigm. Similar
to the progressive submodule basis construction described in
Section III, the ReT-based submodule basis construction can
also be performed in a progressive manner. Let us define the
following polynomial

u) _ ﬁ Gl"uw

u'=u

(54)

Let Iﬁ

M®)_ Similar to Lemma 1 0, the following lemma reveals that
G is a common factor of the module basis polynomials of

Iﬁ(“),l .

Lemma 11: 1f Q(x,y,z) € Tz y,

() ; denote the interpolation submodule with respect to

GU=V1Q(x,y,zGr).

Proof: Let ®) = {é\ff,’)c} denote the Grobner basis derived
from M®), where 1 < u < 7—1,0<u <y—wuand
0 < ¢ < w-—1.Based on (30), Q(x,y,zGr) can be generated

by

T(u—1) _ rp(u=-1) ES
M(” ) — {Mu’,c = (5u’,OTu71,c 55)

+(1— 5u’,0)é\1(711 . (ZGr = Kyu)},

where Tu,C is the basis polynomial of 5@1,) ,and K ) i

denoted as
2 Z nl,jr

j€ln]

(56)

u—1
Since G | 11 “o(x = o), G | TIS0 (x — o).
Therefore, G(#~1) | T, 1,c- and subsequently G | | (zGr —

gt

K;(uq))- It remains to further prove G | e Foru =1n—

1, this holds since G~ is the common factor of polynomials

in Iﬁ(nfl),r Based on (30), this also holds foru = 0,1, ..., —
2 by induction. Therefore, G | fz(llf)c O

Based on Lemma 11, the isomorphic module basis can be
generated in a progressive manner as

M(u—l) — {Mi’j;l) = 5u’,OTu71,C 57
+ (1= 8u0)8%), . (2Gr — K},
where .
. T, _ X,
i rely) = oy tel) 59

HZ/:u,1 Gfu/ (x)

and 9( )C is the isomorphic submodule basis polynomial ob-
tamed by the basis reduction in the (# — u)-th progressive
iteration. Let Q denote the minimum polynomial in &. It can

be restored into Q by

~ ~ z

Qx/ /Z:G(H)X'er r~ /.N/° (59)

(v y2) = W) Qo)

Note that over the progressive submodule basis construction

process, the common factor of the basis polynomials grows its
degree as

G(ufl)

= 6™ .G, | (60)
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Afterwards, the RCS algorithm will be applied to find the
z-roots of Q The z-roots of Q denoted by f are restored

into fest by

-~

fest(x,y) = f(x,y) + Kr(x,y). (61)

Example 5: Given the same Hermitian code and the same
multiplicity matrix M as in Example 2, since ka_ng =4,
I' = {4,5,6,7}. The re-encoding points are (Py, 1), (Ps,a?),
(Pg, 1) and (P, «). Based on (38), the re-encoding polynomial
is

Kr(x,y) =14 ax + xy.
The re-encoding codeword is

h=(1,1,1,0,1,421,4).

Based on this, M can be transformed into M as

020043 4 4
M\:40000000
0100O0O0O0O
00 3 40000

Let M(©) = M and M®) = 0. Matrices M(1) to M®) can be
generated as

0 1 00 3 3 2 3]
S _ (30000000
0100000 0]’
002300 0 0
0 00022 1 2]
N _ (20000000
0100000 0]’
0012000 0
00001 10 1]
§®_ |1 0000000
00000000
0001000 O

The progressive decoding can start with MO, Its correspond-
ing submodule basis isomorphism is constituted by

®) — w?x + ax? + x°,

00 —

(()31 ocy+1x x+xy+x

§30) 0+ o’z + a? y+x+xz+(xx Y,

%31 % yz+xy+xyz+1xx y+«x 2+ ax®.

§z iz Ez =

Their common factor is

G® = +x

After basis reduction and root-finding, the decoding fails
to find the estimated message polynomial. We continue to
construct M?) as in (57), which is constituted by

]\71((]23 = a2+ 3 ot 2O,

M(2> xy 4+ ax? + xPy + a?x3 + 2,
go) =00y - (:Gr —K.)),

Mﬁ) = 5831) - (2Gr = Ko),

M% = 5{8 - (2Gr — RE(Z))r

MP) =6 . (2Gr —K ),

2 ’

where 9( ) denotes the reduced basis obtained from M),
Again, the fully expanded forms of the polynomials are listed
in Appendix. Their common factor becomes

G2 — G(3)Gp2
=14 x4 2%

The weighted degrees of the maximum basis polynomial in
Examples 4 and 5 are 17 and 11, respectively. This implies
that the decoding complexity is further reduced. As a result,
the decoding procedure requires 1797 additions and 1249
multiplications.

V. DECODING COMPLEXITY

This section analyzes the decoding complexity. In verifying
our analysis, it is measure as the average finite field multipli-
cations in a decoding event.

A. Theoretical Analysis

Since the PASD can terminate during its progressive iter-
ations, we characterize its complexity at a certain iteration.
Let ¢ denote the number of progressive iterations. At the ¢-th
progressive iteration, complexity of the progressive BR inter-
polation can be characterized by the following two lemmas,
which addresses the cases without and with ReT, respectively.

Lemma 12: Without ReT, complexity of the basis con-
struction and reduction are O(Z%w?n?) and O(Fw?n?), re-
spectively.

Proof: According to (30), the basis construction mainly
consists of three steps: computing T,_1 ., computing K (u=1)

Q) . First, we consider

(u—1)
computing T,,_1.. Based on (17), degx szo(x—aa)va"

< cw?, deg, ITo<pec 1(y— Bz(, C)) < én
degy [To<p<c—1(y — B( )) < w — 1. Therefore, T;,_1 . can be

determined with a complexity of O({,‘znz). For Kw(u,l), the

computation follows from (15). It involves multiplying each
—1)

and the multiplication to obtain M(

and

received symbol w(u with the corresponding polynomial
L[n],j and accumulating the resulting products. As L[n],j can
be pre-computed, computing K -1) exhibits a complexity

of O(n? ( )C is reduced from Ml(l )C,

0(71 < &(n/w—1), degy iu)c < ¢(w—1) and

). Moreover, since 6,

deg,

u
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deg, 91(;,[1 < ¢ —1. Hence, obtaining MI(;,:U exhibits a
complexity of O(F>wn?). Because there are (& — 1)w basis
polynomials should be computed, the complexity of basis
construction is O(&°w?n?).

We further consider the basis reduction complexity. With the
MS algorithm, the basis reduction complexity is mainly deter-
mined by the weighted degree of the maximum polynomial in
the module basis [12], denoted by <y. The basis reduction com-
plexity can be bounded by O(&3w34?). Since v = O(&wn),
which is defined by the term [Tp<jp<.—1(y — Bb?), the basis
reduction complexity is O(&w?n3). O

Lemma 13: With the ReT, the complexity of basis con-
struction and reduction are O(&®w?n(n — card(I'))) and
O(&w?n?), respectively.

Proof: According to (57), the basis construction
mainly consists of three steps: computing T,_q.,
computing K -1y and the multiplication to obtain

V%D We first consider computing Tu—l,o Based

Mu’,c 1)
on (52), deg, I—[Z;é(x — 0g)%c /G-

gw? — L), card(Iy)/w, deg, To<pec1(y — By)
¢w® and deg, [To<p<c—1(y — BZS,”C)) < w — 1. Hence, T,/

can be computed with a complexity of O(&%n(n — card(T'))).
Based on (53), deg, K 1) < w? —1 — card(I}—1)/w

<
<

and degyﬁg(u,l) < w—1. Computing KZ(,,,M yields
A(u)

a complexity of O((n— card(I'))n). is

Sin;e GH/ .
reduced from (2\7)15;,‘)@ deg, ’vill,l)c < &((n — card(I))/
Alu

w—1), degyﬂu,,c < &(w—1) and degzgsfi < -1

Therefore, obtaining Mfﬁ;l) exhibits a complexity
of O(FPwn(n — card(I’ ))) Since basis construction
computes (¢ — 1)w polynomials, its complexity is
O(&w?n(n — card(T))). Since the ReT does not affect the
term Hogbgc_l(y—Bl(:C)), v = O(&wn). Therefore, the
basis reduction complexity is O(&w?n3). O

The prototype ASD constructs the interpolation module with
respect to M. Therefore, complexity of ASD is obtained by
replacing the factor ¢ in the above complexity formulation
by #. Since the basis reduction complexity dominates the
overall complexity and ¢ < #, conducting the BR interpolation
in a progressive manner reduces the complexity by a factor of
1— (&/1)°. Note that at the ¢-th progressive iteration, com-
plexity of root-finding is O(¢kn). Therefore, despite the PASD
may perform multiple basis reductions and root-findings, this
extra cost can be easily compensated by performing fewer
progressive iterations. It is important to note that the theoret-
ical complexity, which characterizes the worst-case scenario,
remains unchanged by the ReT. However, practical simulations
demonstrate that ReT yields a significant reduction in average
complexity. This will be verified numerically as the follows.

B. Numerical Results

In the following, we present the numerical results of
decoding complexity. They are obtained over the additive

white Gaussian noise (AWGN) channel using binary phase
shift keying (BPSK) modulation. The proposed PASD and
that facilitated by the ReT are marked as PASD (BR) and
PASD (ReT-BR), respectively. The ML criterion of [38, 39] is
applied to assess the estimated codeword and further terminate
the decoding when an ML codeword is found. The ReT-
facilitated ASD of [26] (marked as ASD (ReT-BR)) and the
prototype ASD of [24] (marked as ASD (BR)) are used as the
comparison benchmarks.

Tables I and II show the ASD complexity at different signal-
to-noise ratio (SNR) in decoding the (64, 49) and the (512,
409) Hermitian codes, respectively. They are defined in Fq4
and [Fg4, respectively. In the two tables, the best performing
algorithm is highlighted in grey for each set of designed
maximum decoding OLS [ and SNR. It can be seen that when
the SNR is low, complexity of the ASD and PASD is similar,
with PASD occasionally exhibiting higher complexity. This
can be attributed to the extra computational cost introduced
by multiple basis reductions and root-findings during the
progressive iterations. As the channel conditions improve, all
these four algorithms yield a reducing complexity. Among
them, the progressive decoding algorithms yield a more signif-
icant complexity reduction than the non-progressive ones. This
behavior aligns with the theoretical analysis. The average num-
ber of progressive iterations decreases as the SNR increases,
which directly lowers the effective module size and hence the
complexity, which is consistent with Lemmas 12 and 13. Note
that since the multiplicity assignment follows Algorithm A
of [22], the PASD rarely succeeds at the first progressive
iteration. At high SNR, decoding typically succeeds at the
second iteration. The two PASD algorithms converge to their
respective complexity, regardless of the designed OLS [. Con-
sequently, the complexity advantage of the proposed PASD
over the ASD becomes more substantial if the ASD performs
with a large OLS . It is also observed that the PASD (ReT-BR)
exhibits lower complexity than the PASD (BR), demonstrating
the merit of ReT. The measured overall complexity exhibits
a proportional saving due to the ReT, consistent with the
theoretical analysis.

VI. DECODING PERFORMANCE

This section shows decoding performance of the proposed
algorithms. They are measured as frame error rate (FER) over
the AWGN channel using BPSK modulation. For comparison,
we also evaluate GS decoding with m = [ = 5. Fig. 1
shows the performance of ASD and PASD of the (64, 49)
Hermitian code, along with the GS decoding result. Note
that the ReT does not affect the ASD or PASD performance
[26]. It can be seen that the PASD preserves the decoding
performance of the prototype ASD. Moreover, attributed to
the fact that the PASD makes multiple attempts to find the
intended message polynomial, it yields a slight performance
gain. This is because the intermediate multiplicity matrices
may lead to better multiplicity assignment than that of M. In
particular, this can be theoretically explained by cases where
Corollary 7 is satisfied while Theorem 2 is not, which allows
the PASD to succeed but the prototype ASD would fail.
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TABLE I
ASD COMPLEXITY AT DIFFERENT SNR IN DECODING THE (64, 49) HERMITIAN CODE
SNR ASD (BR) ASD (ReT-BR) PASD (BR) PASD (ReT-BR)
(dB)
1=3 =4 1=3 =4 1=3 =4 1=3 =4
4 |1.81x10° 544x10°|1.12x10° 263 x10° | 2.14 x 10° 545 x 10° | 1.00 x 10°® 2.16 X 10°
5 | 1.32x10° 358x10°|6.89x10° 1.57 x 10° | 6.68 x 10° 1.52 x 10° | 4.15 x 105 1.01 X 10°
6 |125x10° 3.12x10° | 476 x10° 1.18 x 10° | 1.59 x 10° 3.54 x 10° | 1.13 x 105 2.33 X 10°
7 |816x10° 1.85x10° | 449 x10° 7.82x10° | 110 x 10° 125x10° | 6.97 X 10* 8.36 X 10*
8 |525x10° 1.03x10° | 2.09 x 10° 4.03x 10° | 9.28 x 10* 9.59 x 10* | 6.30 X 10* 6.49 X 10*
TABLE 1I
ASD COMPLEXITY AT DIFFERENT SNR IN DECODING THE (512, 409) HERMITIAN CODE
SNR ASD (BR) ASD (ReT-BR) PASD (BR) PASD (ReT-BR)
(dB)
=2 1=3 1=2 1=3 =2 1=3 1=2 1=3
4 |201x10% 632x108 | 1.43 x 108 448 x10% | 1.98 x 108 550 x 10% | 1.77 x 108  4.02 x 108
5 19.80x107 321x10% | 5.78 x 107 1.77 x 10% | 1.23 x 108 4.49 x 108 | 9.04 x 107  2.61 x 10°
6 |985x107 312x108 | 525x107 158x10% |2.75x 107 6.04x107 | 2.28 x 107 5.25 X 107
7 1928x107 292x10% | 474x107 1.32x10% |2.66x107 2.69 x 107 | 2.07 x 107 2.17 x 107
8 |873x107 2.68x10% | 444x107 1.11x10® | 254 %107 2.62x 107 | 2.01 x 10’7 2.04 x 107
VII. CONCLUSION
1.E-0 . ..
, Igiiig"f_’i 5 This paper has proposed the PASD of Hermitian codes.
—8—PASD, [= 3 The decoding has been formulated as computing the Grobner
e basis that contains the interpolation polynomial, which allows

1E-1F
Complexity (SNR = 6 dB)
GS,m=1=5:6.62x 10°
ASD, I = 3: 476 x 10°
PASD, [ = 3: 1.13 x 10°
ASD, I = 4: 1.18 x 10°

, PASD. /=4:233 x 10°

1LE-3 1

6 6.
| SNR (dB) | | |
4 4.5 5 5.5 6 6.5
SNR (dB)

1.E-4

Fig. 1. Decoding performance comparison of ASD and PASD in decoding
the (64, 49) Hermitian code.

It can also be observed that GS decoding exhibits a higher
FER than ASD and PASD over the considered SNR range.
Taking the SNR of 6 dB as an example, where the GS
decoding (m = | = 5) has a decoding complexity that
is similar to that of ASD and PASD, its FER is notably
worse. This indicates that ASD and PASD not only yields a
complexity advantage but also provide substantially enhanced
error-correction capability than the GS decoding.

the size of the interpolation submodule basis to be enlarged
progressively. To further reduce complexity, the ReT has been
introduced to facilitate the PASD, which simplifies the interpo-
lation by extracting a common factor in the submodule basis
polynomials. Comprehensive complexity analysis has shown
that the proposed PASD adapts the decoding complexity to
channel conditions, and the complexity reduction brought by
the ReT has been verified. Moreover, simulation results have
demonstrated that the proposed PASD preserves the error-
correction performance of the prototype ASD. This work
has provided an efficient and adaptive decoding solution for
Hermitian codes, with potential applicability to other AG
codes.

APPENDIX
NOTATION

The primary notation is summarized below, grouped by
category.

Unless otherwise specified, the following conventions are
adopted throughout the paper:

o Uppercase bold letters denote matrices.

o Uppercase italic letters generally refer to sets, spaces, or
polynomials.

o Lowercase letters denote scalar variables.
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o Lowercase underlined letters denote vectors.
Finite Fields

e ¢: Cardinality of the finite field.

. IFq: The finite field with g elements, whose elements are
denoted by 0y, 071, ...,05-1.

o F;[X,Y]: The ring of bivariate polynomials over IF,.

Hermitian Curve

o w: The positive integer satisfying w? = q.

o Hy: The affine Hermitian curve over IFy, defined by (1).

o g: The genus of Hy, given by ¢ = w(w —1)/2.

. P] = (x]-,yj): An affine point of Hy,; there are w3 such
points.

e P: The unique point at infinity of Hy,.

e P: The set of affine points of Hy,.

e R: The coordinate ring of Hy,, defined as in (2).

e x,y: The residue classes of X and Y in R, respectively.

e Ly The pole basis of R with respect to Pe.

e ¢a(x,y): An element of Ly, of the form x™ryv for
integers 0 < iy < w and iy > 0.

e vp(S): The order (valuation) of a nonzero polynomial
S € R at a rational point P.

e Pp,(x,y): The zero basis element at a rational point P,
parameterized by v = A + (w + 1)s¢ for nonnegative
integers A, s, and defined as in (3).

Encoding

o n: Length of the code. For Hermitian codes, n = wd.

¢ k: Dimension of the code.

o L(yPs): The Riemann-Roch space used to define Her-
mitian codes, where y =k + g — 1.

e f = (fo,f1,---, fx_1): A message vector in ]F’,; to be
encoded.

e f(x,y): The message polynomial corresponding to f,
expressed as in (4). N

e ¢=(co,C1,---,64-1): The codeword obtained by evalu-
ating f(x,y) as in (5).

GS Decoding

e R[z]: The polynomial ring in variable z over the coordi-
nate ring R.

. ([)azb: A monomial in R[z], where ¢, € Ly and b > 0.

o deg;,, (): The (1,w;)-weighted degree defined as
in (7).

e w;: The weight parameter for the variable z.

o m: Multiplicity.

ASD

e [: Designed maximum decoding OLS.

e r=(r9,71,...,7y_1): The channel output.

o II: The g X n reliability matrix with entries 77;; = Pr(7; |
Cj = (Tl').

e M: The g x n multiplicity matrix with nonnegative inte-
ger entries 11;;.

o ij: The row index satisfying i, = wj, where wj is the
hard-decision symbol at position j.

e sm(c): The codeword score of ¢ with respect to M
defined as in (10).

o multp ) (Q): The multiplicity of a polynomial Q at the
interpolation point (P;, ;).

e T The ideal determined by the multiplicity matrix M,
defined as in (11).

e R|[z];: The set of polynomials in R[z] with z-degree at
most /.

o Zpp: The interpolation module defined as in (12).

BR Interpolation
e 77: The maximum column sum of the multiplicity matrix
-1
M, defined as 77 = max; Z?:O mj.
o M(®): The u-th intermediate multiplicity matrix with
entries ml(ju).

()

o i i The row index that attains the maximum entry in

(1) ()

column j of M® e, i = argmaxi{ml] }.

o A(J): The set of distinct x-coordinates from the points
o B,(J): For a given x-coordinate o, the set of corre-
sponding y-coordinates from points in {P; :j € J}.

e L j,j(x,y): The Lagrange interpolation polynomial de-

fined as in (14).
o K (x,y): A polynomial defined as in (15).
u)

IS

=l

e m; ': The maximum entry in column j of M(“), ie.,

P,

u)

m = maxi{ml(ju)}.

« Eyo: The ideal in R defined by m!"), ie., {S € R :

vg (8) 2 m", j € [n]}.

. v[(;lb) : Reassigned multiplicity, such that v

the corresponding index j with P; — Pa,b',
. B(l(;%): A [()o)lynomial in [Fy [x] satisfying vp,  (y — Béuc)) >
u u

U,y — Ual for relevant indices a, b, c.

. Tu/,c(x, y): A generator polynomial for the ideal &y,
defined as in (17).

o M = {M,,}: The module basis as defined in (18).

* Zpw,;- The interpolation submodule determined by
M),

PASD

e 0,5 The Kronecker delta function, defined as in (20).

o M’: An auxiliary multiplicity matrix defined by (21), used
to illustrate the g)rogressive interpolation process.
(29).

. O = {91(;’1}: The reduced Grébner basis derived from
M@,

. gé“’): A polynomial over IF; introduced in the proof of
Lemma 8.

ReT-Facilitated PASD

e I': The index set selecting the points used for re-encoding.

e Pr: The set of re-encoding points defined as Pr =
{(P,w”):jer}.

o Kr(x,y): The re-encoding polynomial defined as in (38).

e 5(J): The set of indices j € J for which
card(By, (7)) = w.

e h: The re-encoded codeword defined as in (39).

« M: The q x n multiplicity matrix (from M via (40), (41)),
with entries 71i;; € Z(J)r .

~

1(1uh) = m](u) for

~}: The submodule basis as defined in
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o M(: The u-th intermediate multiplicity matrix with
respect to M\, whose entries are ﬁ%l(.u).

e I, A subset of the re-encoding index set I' defined as
in (46).

+ G(x),Gr(x),Gr,(x),Gp\r,(x): The common factor
polynomials defined as in (44), (45), (47) and (48),
respectively.

. Iﬁ,l: The interpolation module with respect to M.

e ®: The isomorphic module with respect to Iﬁ,l'

. 4u): The maximum entry in column j of /I\Z(”), ie.,

~(
@ ()
~ (U ~(Uu
) :maxi{mij 1.
+ Egju: The ideal in R defined by @), ie., {S € R

vp,(8) > @, vj}.
?](-u): The row index of the maximum entry in column j
of M), ie., ?](”) = argmaxl-{ﬁif;l)}.

z/(.”): The finite field element corresponding to f](”), de-

(u)

fined as z;: /' = (quu).

]
« z("): The vector (zé”),zgu),...,z,@l).

. I:"urc(x,y): A polynomial defined as in (52).
o K,): A polynomial defined as in (53).

« M = {Z\Zu,c}: The module basis isomorphism defined
as in (51).

. Iﬁ<l‘>,l: The interpolation submodule with respect to

/M(u)_

. Ifz“‘) (x,y): A polynomial defined as in (56).

e Tc: A basis polynomial for the ideal Sﬁ(ll).

o« M) = {]\715;11} The isomorphic submodule basis as
defined as in (55).

. GL(;)C: The isomorphic submodule basis polynomial ob-
tained by the basis reduction in the (1 — u)-th progressive
iteration. _

e Q and Q: The minimum polynomial in Zg, , and P,
respectively. '

Others

o [a]: For a nonnegative integer a, the set {0,1,...,a —1}.

o fest(x,y): The estimated message polynomial.

e 7v: The weighted degree of the maximum polynomial in
the module basis.

EXAMPLE DETAILS

A. Expanded Module Basis for Example 2

The module basis M for Example 2 is given by the
following polynomials:

Moo = x* +x'°,
Mo = ax?y + 3y + 0+ ax’y + a®x®
+ xéy + 28+ lXXS]/ + a2 + x9y
+ x4 ucx“y +a?x12 4 xlzy + x4

2.15
+ acx,
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My = %z + 3y + 2 + xty + a?a®

My, =

My,

M3

+ ax® + x%2 + &7 + x7y 4 a®a®
4 ax® + 1%z + 110 4+ 210y 4 4241

+ x4+ x127 4 213 4 By 4 a2x
+ax® +xy,

axy + axyz + xzy + xzyz + x3y
+axt + xtz + w2x4y + ax® + a?x’z
+ xSy + %8+ a2x6y + ax” + 1x2x7y
+ ocx7yz + ocxgy + xSyz + x9y + ax!?

+ 2192 + a2x10% + x4+ a2tz 4 2ty

+ x12 + zxlezy + D‘xl?) + x13y =+ a2xl4y,

= x22% + x2y+ x4 x4y+ x°

+ ax® 4+ x7 4 a?x8 4 822 4 210

+ xloy +ax!? 4+ a8 4 a?xlt 4 x14y
+x7,

axy + lxxyzz +u
+ x4+ ¥*2? + axty + axtyz® + ax®

+ a2x°2% + x°Oyz? + ax® + xOy + ax’

+ %722 + ocx7y + ax® + «x2x8y + a2x®

+ x9y + ax'® 4 xloy + x4 12

+ a2y 4 x4 My 4 216,

xz® + zx2xy + xyz + utzxyz2 + x22?

+ x2y22 4+ 3z + a?x%22 + a?x%y + Pyz
+ ax® + xtz + axtz? + 2428 4 atyz

+ 2% + ax’z + x°22 + zx2x5y + x5y22

+ a?x%2% + x6yz + ax” + ax’z + ax’ 22

23222 4 zxxzy + x2y22

+ x7yz + oc2x7yz2 + axBz + x8y + a?x?

+ %%z + oczx9y + ax!® + ax!0z + ocleoy

+ xmyz + a2yl + oczx“y + a?x13 + x137

+ ocle3y + xl4y + “2x15 + x16 + a2x16y’

Mz1=y+ayz+ yz? + ayz® + a’xz3

+ xy + axyz + xy22 + xyz3 + a2 x?2?

+ x2y + 1ch2y,z2 + 3+ 2%z + a?x32?

+ 232 + ocx3yz2 + axt + axtz + 2422

+ a2x4y + ocx4yz + txx4yzz +a2x° 4+ ax’z
+ ax°2? + X%yz + a®x%z + a?x%22 + a?x%y
+ ax®yz + a?x%yz? + &7 + a®x2* + x7yz
+ %82 + txxgy + %%z + oczxgy + a2x9yz

+ ax' 4+ ax'0z + zxxloy + xlOyz + 1

+ oczxny + x12z + x13 + x13y + axtt

+ 0(22615}/ + 0(22(16,
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4 2 2 2.3 2,23
My = 2" +ayz +yz° + ayz’ + a"xz C. Expanded Module Basis for Example 4
+a?x%y + ax’yz + a2 x%y2 + Py + ax’z The following polynomials are the fully expanded forms of
+ ax3z2 + ax3z3 + ocx3y + x3yz + x3yz2 the basis elements Mfl%)c

+ 2t a?xtz + a?xt2? 4wty 4 axtyz
+ x4yz2 + 0?2z + 02x°2% + rxzx5yz2 +x6
+ a2x5z + azxéy + azxéyz + ocxéyz2 + 7z

Mgzo) = axy + a®x* + 2%y + o+ axty

+ a?x° + x5y +x7,

+ o227y + xTyz + 2 + a2x822 + axby M§21) = xz+axy +axyz + 27 + 22’z

+aByz 20+ 0¥z + 202 4 Oy + x2yz 4+ axPy + x* + axty + a2y

+ “xloy + o2 4 a1z 4 x”yz + a2x12 + x84+ 7 + 028,

+axz 4 262y 4 xBy 4 x4 4 415 Mézo) = 22 fay + xz + axy + axyz

+ 2Py + a?x17  ax'8, + 23+ ax’z + axly + a’xPyz 4 a1
My = a?yz +yz> + a®yz® +yz* + a®x%y + a?xty 4 ax® + axdy + ax® + ax?,

+ txx2yz + oczxzyz2 + ocxzyz3 + a?x3z + 1322 Mézl) = vczyz + y22 + ax®z + xzy + azxzyz

+ 02323 + ax®y + axPyz + a?x3y2? +oaxd +axdz+ x3y + x3yz + ocx4y

+ ax’yz® + xtyz + axtyz? + a®x° + ax®z + 2% + 1% + a?x0z 4 a®xOy + ax’

+02x°2% + x°2° + a2x°yz + ax® + 282 + a%x7y,

+ %022 + ax®y 4+ axbyz® + 17 4+ ax’z

2722 + 0227y + o822 + wPxBy + xByz D. Expanded Module Basis for Example 5

+ 02822 + 0% + 0229z + ax22 + X%y The following polynomials are the fully expanded forms of

the basis elements M2
+ a?X%yz + a2 y2® + a0 + 2102 a0y © basts clements M, ¢
1, .11 2,11 2,11 12
+oax T +xz+Hatx Yy +atx Yz +xz ~(2) ) ) ) -
+ axyz 4+ ax®® + xBy + x4z 11y My = a’x +a'xz + xyz + 27+ a'x%y
2,4, 2.5
1 a2x15 4 16 42417 18 18 +atx +atx,
y+xT+axy. _ )
My = ay +yz + ax + axz + ax
+ 2%z + ax?y + 2% + 023y + a’xt,
B. E M Basi E __
xpanded Module Basis for Example 3 M?g S ytax+ s
The following polynomials are the fully expanded forms of +xz2 4+ axy + xyz + x2 + ax’z

. (2
the basis elements Mu,,c. + ctx2y + rxznyz + 3 + x4,

v (2 2,2 24 2,2
MP) = xz + aPxy + 2% + 22y + a2 Mgl) = Yz atyz o axy o+ xyzt 4+ atx
, +axt + xtz 4+ 2 + 2%y + a?x® +a? 2z 4 2Py + Pyz o+ ax’ + 202
+ o + a2y +axt + xtz + axty + %+ aPx0z

2) 2
M( = ayz + a“xz + xy + xyz
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